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Recurrence time is evaluated for some initial quantum states in the one-dimensional Bose gas with
repulsive short-range interactions. In the relatively strong and weak coupling cases some different
types of initial states show almost complete recurrence and the estimates of recurrence time are
proportional to some powers of the system size at least in some range of the system size. They
are much longer than in the case of free particles such as 100 times. In the free-bosonic and free-
fermionic regimes we evaluate the recurrence time rigorously, which is proportional to the square
of the system size. The estimate of recurrence time is given by the order of ten milliseconds in the
corresponding experimental systems of cold atoms trapped in one dimension of ten micrometers in
length. It is much shorter than the estimate in a generic quantum many-body system, which may
be as long as the age of the universe.
PACS numbers: 03.75.Kk,03.75.Lm
I. INTRODUCTION
Recurrence is one of the fundamental concepts not only
in classical mechanics but also in quantum statistical
mechanics [1]. It has become quite attractive to study
theoretically recurrent phenomena in isolated quantum
systems, due to recent experiments of cold atomic sys-
tems confined in one dimension [2–6]. They have cre-
ated a huge motivation for studying fundamental aspects
of quantum statistical mechanics: Equilibration or relax-
ation of isolated quantum many-body systems [7] and er-
godic theorems [8] in quantum statistical mechanics from
the viewpoint of typicality [9–12]. Furthermore, the dy-
namics of isolated quantum many-body systems in one
dimension has been extensively studied by both exper-
iments [4–6, 13–15] and theories [7, 16–23], in particu-
lar, associated with quantum quenches in quantum spin
systems [24–29] and in conformal field theories (CFT)
[30–32].
Almost-periodic quantum dynamical phenomena are
observed in recent experiments. Oscillating behavior was
observed in experiments of cold atomic gases in one di-
mension [4]. The system is close to the integrable system
of the one-dimensional (1D) interacting bosons with the
delta-function potentials, which we call the 1D Bose gas
with the delta-function interactions. Quantum collapse
and revival in a one-atom maser were experimentally
demonstrated, which had been studied in the Jaynes-
Cummings model [33, 34]. Oscillating behavior of the
BEC such as breathing mode [35] and scissors mode [36]
was observed. Almost full revivals for atoms were ob-
served experimentally in optical lattices [13].
Although every generic isolated quantum system is al-
most periodic, a recurrence phenomenon is usually not
observed even in the numerical simulation unless we
choose the system and the initial state quite properly.
It is proven that for a quantum state given by the super-
position of a discrete set of energy eigenstates the time
evolution is almost periodic, i.e., a quantum analogue
of Poincare’s recurrence theorem [1, 37–39]. It is also
demonstrated that quantum systems with time-periodic
Hamiltonians are almost periodic [40]. However, recur-
rence time is very long for generic quantum systems with
incommensurable energy levels. Typically it is propor-
tional to the exponential of the number of the eigenstates
in the superposition of a discrete set of eigenstates [41].
It therefore may be extremely long such as long as the
age of the universe. In some spin system with long-range
interactions it is analytically shown that the recurrence
time is proportional to the exponential of the number of
particles [42–44]. It is much shorter than the exponential
of the number of superposed eigenstates, but is still very
long.
In this paper, we present concrete examples of recur-
rence for some types of quantum states in the 1D Bose
gas with the delta-function interactions, and we evaluate
numerically the recurrence time for them. Let us call the
squared amplitude between an initial state and the time-
evolved state the fidelity. We numerically determine the
recurrence time by the shortest interval of time in which
the value of the fidelity returns to a value larger than 0.9
for the first time in the time evolution after the initial
time. We observe periodic patterns in the time evolu-
tion of the fidelity for different values of the interaction
strength. We also show numerically the recurrence of the
density profile for the quantum states. Here we expect
that the density profile can be measured in experiments,
while it is not easy to measure the fidelity.
The recurrence time depends on the initial state. In
this paper, we consider two types of initial states. The su-
perposition of one-hole excitations, and that of two-hole
2excitations: They are important in the low-lying excita-
tion spectrum. Here we remark that some superposition
of one-hole excitations leads to a quantum dark soliton
[45]. The estimates of recurrence time are proportional
to some powers of the system size at least up to certain
sizes for some finite nonzero values of the coupling con-
stant γ which are large such as γ = 102 or small such
as γ = 10−2. Here we shall define the coupling constant
γ in section II. In the case of infinite or zero interac-
tion strength, we derive rigorously the recurrence time
for any given state and it is proportional to the square of
the system size. For intermediate values of the coupling
constant γ satisfying 10−2 ≪ γ ≪ 102, however, it seems
that the fidelity shows neither any periodic pattern as a
function of time nor any recovery to a value larger than
0.9 within our range of computational time, and hence
we do not evaluate recurrence time for them.
We give numerical estimates of recurrence time in ex-
perimental systems of the 1D Bose gas with the delta-
function interactions. It is given by the order of ten
milliseconds if the quantum system is realized in cold
atomic gases trapped in one dimension of ten microm-
eters in length. It is much shorter than the age of the
universe. We suggest that it requires a high degree of iso-
lation from the environment to observe recurrence phe-
nomena experimentally. Moreover, it is not clear how to
observe them in such an “almost isolated” quantum sys-
tem of cold atoms with a long coherence time. However,
the estimated recurrence time in the paper, which we ex-
pect can be shorter than the coherence time, should be
nontrivial and motivate further studies.
Recurrence in the 1D Bose gas with the delta-function
interactions should be important in many aspects of the
quantum dynamics of many-body systems such as in Ref.
[46] where the recurrence of fidelity is investigated numer-
ically. The 1D Bose gas has nonlinear excitation modes,
which play a key role in the nonlinear TL liquid [47]. The
low-lying excitations of the 1D Bose gas are well approx-
imated by the linear bosonic modes, which are described
in terms of the Tomonaga-Luttinger (TL) liquid or the
CFT with central charge c = 1 [48]. For some superpo-
sition of excited states in a linear mode, the recurrence
time or the time period for revival may be proportional
to the system size, as argued in CFT [32].
The contents of the paper consist of the following. In
Sec. II we give the Hamiltonian of the 1D Bose gas with
the delta-function interactions, which we call the Lieb-
Liniger (LL) model [49]. We give notation of the Bethe
ansatz, and introduce two types of quantum states, the
state given by the sum over one-hole excitations, the sum
over two-hole excitations. We also introduce dimension-
less time variable t, which is useful to show the system-
size dependence for the estimates of recurrence time. In
Sec. III we evaluate recurrence time rigorously for the
1D Bose gas with the delta-function interactions in the
free-fermionic and the free-bosonic regimes. In Sec. IV
we show that in the case of relatively strong or weak
coupling, the fidelity of a state in the two types shows
almost complete recurrence: it returns to a value larger
than 0.9. We evaluate the recurrence time for the states
given by the sum over one-hole excitations and the sum
of two-hole excitations. We show how it increases with
respect to the system size. With the determinant formula
of the form factors [50], we evaluate the density distribu-
tion of the 1D Bose gas with delta-function interactions.
We confirm that when the density distribution returns to
the initial form the fidelity also becomes close to 1.0 as
far as in the sum over one-hole excitations. We thus sug-
gest that if the density profile recurs, the fidelity becomes
close to 1.0 practically for such states with small particle
numbers as we have investigated in the present paper. In
Sec. V we give numerical estimates of recurrence time
for some experimental systems. Finally in Sec. VI we
give concluding remarks.
II. THE LIEB-LINIGER MODEL
A. Lieb-Liniger Hamiltonian
Let us introduce the Hamiltonian of the 1D Bose gas
with the delta-function interactions, which we call the LL
model [49], as follows.
HLL = − ~
2
2m
N∑
j=1
∂2
∂q2j
+ 2g
N∑
j<k
δ(qj − qk). (1)
Here, N bosons with mass m are interacting through the
delta-function potentials with the coupling constant g.
We now denote the time variable by τ . The Schro¨dinger
equation at time τ is given by
i~
∂
∂τ
|Φ(τ)〉 = HLL|Φ(τ)〉. (2)
We assume that the wavefunctions satisfy the periodic
boundary conditions of the system size L. Here, the co-
ordinates qj satisfy 0 ≤ qj ≤ L. We introduce the cou-
pling constant c by g = ~2c/2m. Hereafter, we consider
the repulsive interaction: c > 0.
It is known that the bulk quantities of the LL model are
characterized by the parameter γ = c/n and N , where
n = N/L is the particle density [49]. We define dimen-
sionless coordinate variables xj by
qj = xj/n, (0 ≤ xj ≤ N) (3)
and dimensionless time variable t by
τ = 2mt/n2~ . (4)
We express the Hamiltonian (1) and the Schro¨dinger
equation (2), respectively, as
H ′LL = −
N∑
j=1
∂2
∂x2j
+ 2γ
N∑
j<k
δ(xj − xk), (5)
3and
i
∂
∂t
|Φ′(t)〉 = H′LL|Φ′(t)〉. (6)
Here the symbol |Φ′(t)〉 denotes |Φ′(t)〉 = |Φ(τ)〉.
Hereafter in the paper we mainly employ the dimen-
sionless time variable t and make use of eqs. (5) and (6)
rather than eqs. (1) and (2), respectively. We shall show
that the dimensionless time variable is useful to express
the system size dependence of recurrence time, explicitly.
However, we return to the original time variable τ when
we estimate the recurrence time for experimental systems
in Sec. V.
B. The Bethe Ansatz Equations
In the LL model, the Bethe ansatz offers an exact
eigenstate with an exact energy eigenvalue for a given
set of quasi-momenta k1, k2, . . . , kN satisfying the Bethe
ansatz equations for j = 1, 2, . . . , N .
kjN = 2piIj − 2
N∑
ℓ 6=j
arctan
(
kj − kℓ
γ
)
. (7)
Here Ij ’s are integers for odd N and half-odd integers for
even N . We call them the Bethe quantum numbers.
The total momentum P of the system of N bosons is
given by the sum of all kj ’s: P =
∑N
j=1 kj . It follows
from (7) that we have
P =
2pi
N
N∑
j=1
Ij . (8)
The energy eigenvalue E of the Hamiltonian (5) is ex-
pressed in terms of the quasi-momenta as
E =
N∑
j=1
k2j . (9)
For the ground state of N bosons, the quantum num-
bers Ij are given by
Ij = j − (N + 1)/2 , for j = 1, 2, . . . , N . (10)
C. Superposition of One-Hole Excitations
Superposing Lieb’s type II excitations [49], i.e. one-
hole excitations, we construct a quantum state with an
initially localized density profile. We remark that it co-
incides with the amplitude profile of a dark-soliton solu-
tion of the Gross-Pitaevskii equation [45]. In the type II
branch, for each integer p in the set {0, 1, . . . , N − 1}, we
consider the one-hole excitation of N particles, and the
total momentum P is given by P = 2pip/N . We denote
the normalized Bethe eigenstate of N particles with total
momentum P by |P,N〉. The Bethe quantum numbers
for the Bethe eigenstate |P,N〉 are given by
Ij =
{
j − N+12 for j = 1, 2, . . . , N − p,
j − N+12 + 1 for j = N − p+ 1, . . . , N.
(11)
The hole of the quantum state |P,N〉 is located be-
tween the integers IN−p and IN−p+1. Here we have
IN−p = (N − 1)/2− p and IN−p+1 = (N − 1)/2− p+ 2
and the difference is given by 2, not by 1: The integer
IHL = (N −1)/2−p+1 is not occupied and gives a hole.
Furthermore, we have a particle at IN = (N + 1)/2. We
denote it also by IPT. By making use of eq. (8) the
momentum P is given by the difference between integers
IPT and IHL:
P = 2pi(IPT − IHL)/L = 2pip/L. (12)
For each integer q satisfying 0 ≤ q ≤ N − 1 we define
the coordinate state |X〉 for 0 ≤ X ≤ N by the discrete
Fourier transform:
|X〉 := 1√
N
N−1∑
p=0
exp(−2piipX/N) |P,N〉 . (13)
We define the quantum state at time t, |X(t)〉, by
|X(t)〉 := exp(−iH ′LLt)|X〉. Through formula (9) we nu-
merically obtain all the energy eigenvalues Ep of one-hole
excitations |P 〉s’ in the type-II branch. We can perform
the time evolution of the quantum states for quite a long
time. We recall that the fidelity of the quantum state
|X(t)〉 is given by the squared overlap between the initial
state |X(0)〉 and the time-evolved state |X(t)〉 at time t
as F (t) := |〈X(t)|X(0)〉|2.
We remark that the quantum states |X(0)〉 consisting
of the type-II excitations are important and physically
relevant as the initial states. In fact, the type-II excita-
tions (the one-hole excitations) correspond to the lowest
energy eigenstates with given angular momenta, i.e. the
Yrast states [51], and we expect that they are stable at
low temperature.
D. Two-Hole Excitations
Let us consider a Bethe eigenstate consisting of N par-
ticles with integers p1 and p2 for two holes. We call it the
two-hole excitation with integers p1 and p2, and denote
it by |p1, p2;N〉. We assume that the integers satisfy con-
ditions 1 < p2 ≤ p1 ≤ N . They correspond to momenta
P1 and P2 by P1 = 2pip1/L and P2 = 2pip2/L, respec-
tively. The total momentum of the eigenvector |p1, p2;N〉
is given by the sum:
P1 + P2 = 2pi(p1 + p2)/L. (14)
The Bethe quantum numbers of eigenstates |p1, p2;N〉
for integers p1 and p2 satisfying 1 < p2 ≤ p1 ≤ N are
4given by
Ij =


j − N+12 for j = 1, 2, . . . , N − p1,
j − N+12 + 1 for j = N − p1 + 1, . . . , N − p2,
j − N+12 + 2 for j = N − p2 + 1, . . . , N.
(15)
The quantum numbers of the two holes in the eigenstate
|p1, p2;N〉 are located between the Bethe quantum num-
bers IN−p1 and IN−p1+1, and between the Bethe quan-
tum numbers IN−p2 and IN−p2+1, respectively. They
are given by IHL1 = (N − 1)/2 − p1 + 1 and IHL2 =
(N − 1)/2 − p2 + 2, respectively. Here, we have parti-
cles of IPT1 = (N − 1)/2 + 1 and IPT2 = (N − 1)/2 + 2,
respectively.
We consider a quantum state which is given by the
sum over two-hole excitations for p1 = 2, 3, . . . , N with
p2 being fixed as p2 = 2,
|X, p2 = 2〉
:=
1√
N − 1
N∑
p1=2
exp(−2piip1X/N) |p1, p2 = 2;N〉.
(16)
We call it the sum of two-hole excitations.
III. FREE-BOSONIC AND FREE-FERMIONIC
REGIMES
A. Derivation of Recurrence Time
We now evaluate rigorously the recurrence time in the
free-bosonic and free-fermionic regimes, where we have
γ = 0 and ∞, respectively.
For an illustration, let us consider the quantum state
which is given by the sum over one-hole excited states
in the branch. In the free-fermionic regime we consider
one-hole excitation |P,N〉 for each integer p satisfying
0 ≤ p ≤ N − 1, in which we have a particle at IPT =
(N +1)/2 and a hole at IHL = (N +1)/2− p; in the free
bosonic regime we have p particles at I = 1 and N − p
particles at I = 0.
Let us express the difference between the one-hole ex-
cited energy Ep and the ground state energy Eg as
Ep − Eg = (2pi/N)2ep. (17)
Here, ep is given by an integer. We have ep = {(N +
1)/2}2 − {(N + 1)/2 − p}2 in the free-fermionic regime,
and ep = p in the free-bosonic regime.
The fidelity at recurrence time T is given by
F (T ) =
1
N2
∣∣∣N−1∑
p=1
exp {i
(
2pi
N
)2
epT }
∣∣∣2. (18)
It follows from the condition, F (T ) = 1, that we have
the recurrence time as follows.
T =
N2
2piG
. (19)
Here, G is the greatest common divisor among the inte-
gers in the set {e1, e2, ..., eN−1}. The expression of re-
currence time (19) is exact. If we write eq.(19) in the
dimensionful form, it is
τrec =
mL2
pi~G
. (20)
For various other quantum states, the recurrence time
is given by the same formula (19) in the case of γ = 0
or γ = ∞. Let us consider a given Bethe ansatz
eigenstate |{kj}〉 of N particles with pseudo-momenta
k1, k2, . . . , kN . The energy difference between the ex-
cited state from the ground state with pseudo-momenta
k
(g)
1 , k
(g)
2 , . . . , k
(g)
N is given by
∆E =
N∑
j=1
k2j −
N∑
j=1
(
k
(g)
j
)2
. (21)
We express it as
∆E =
(
2pi
L
)2
eex. (22)
Then, eex is always given by an integer in the free-bosonic
or free-fermionic regimes. Therefore, for a quantum state
given by the sum over several excited states the recur-
rence time is given by (19) in dimensionless unit of time
and by (20) in dimensionful unit of time.
When the fidelity returns to 1 at time t = T , the state
returns to the initial one except for a relative phase fac-
tor, and all the physical quantities take the same values
as in the initial state.
Recurrence time in the free-fermionic regime has even-
odd dependence on the number of particles N . We can
prove that recurrence time in the free-fermionic regime
with odd N is equal to that in the free-bosonic regime
with the same N , while the recurrence time in the free-
fermionic regime with even N is half of that in the free
bosonic regime with the same N .
The rigorous results are confirmed and illustrated by
numerical calculations. In Fig. 1 the time evolution of
the fidelity for the state given by the superposition of
the type II excitations, F (t) = |〈X(t)|X(0)〉|2, is plotted
against time t. The fidelity returns to 1.0 completely and
periodically in time.
B. Universality of Recurrence Time in the
Free-Fermionic and Free-Bosonic Regimes
Recurrence time is proportional to the square of the
system size, L2, as shown in eq. (20) for all the quantum
states in the free fermionic or the free bosonic regimes of
the 1D Bose gas with the delta-function interactions.
In a generic quantum many-body system, the number
of eigenstates may be exponentially large with respect
to the particle number. We therefore expect that for a
5FIG. 1: (Color online) Complete recurrence: Fidelity
of the superposition of the type II excitations, F (t) =
|〈X(t)|X(0)〉|2, versus time t. In the upper panel: Free-
bosonic regime; In the lower panel: Free-fermionic regime,
both for N = 1000.
generic quantum state the recurrence time is proportional
to the exponential of an exponential function of the par-
ticle number N [41]. However, it is not the case in the
free fermionic or the free bosonic regime of the 1D Bose
gas.
IV. RECURRENCE FOR FINITE NONZERO
VALUES OF INTERACTION PARAMETER
A. Superposition of Type-II Excitations
In the case of finite nonzero values of interaction pa-
rameter γ, we calculate the recurrence time for the initial
state (13) given by the superposition of one-hole excita-
tions. For γ = 0.01 and 100, the fidelity does not return
to 1.0 completely. However, we sometimes observe that
the fidelity becomes close to 1.0 in time evolution. Here
we recall that we define the recurrence time by the time
interval between the initial time and the time when the
fidelity first returns to a value larger than 0.9. For exam-
FIG. 2: (Color online) Almost complete recurrence: Time
evolution of the fidelity for the superposition of the type-II
excitations F (t) = |〈X(t)|X(0)〉|2 with N = 12: (i) γ = 0.01
(upper panel) ; (ii) γ = 100 (lower panel).
ple, in the lower panel of Fig. 2, for the first recurrence
at t = 538, the value of the fidelity is given by 0.94,
where interaction parameter is given by γ = 100 and the
number of particles N = 12.
As interaction parameter γ increases from zero (i.e., in
the free-bosonic regime) to a finite non-zero value such
as γ = 0.01, which is not extremely small, the recurrence
time enhances abruptly at some value of γ. We observe
that the recurrence time is much longer than those of free
particles as shown in Figs. 3 and 4 for γ = 100 and 0.01,
respectively. In Fig. 3 the recurrence time becomes 100
times longer than that of free-fermions. However, it is
still proportional to the square of the system size, N2 ,
at least up to some value of N .
In Fig. 4 the recurrence time is almost proportional
to the square of the system size, N2, which is the same
as that of the free-bosonic regime if the number of the
particle is small such as for N = 3 ∼ 11, while the re-
currence time is proportional to the system size N when
the number of the particle is given by N = 12 ∼ 17. For
N ≥ 18, the recurrence time enhances abruptly, and we
could not determine it.
6Periodic patterns appear in the graph of fidelity F (t)
as a function of time. In Fig. 2 periodic patterns in
the time evolution of the fidelity are shown in the weak
coupling case of γ = 0.01 (upper panel) and in the strong
coupling case of γ = 100 (lower panel) for N = 12. The
recurrence time for γ = 100 becomes much longer than
that in free-fermion, such as 100 times longer. However,
it is still approximately proportional to some power of
the system size N .
FIG. 3: (Color online) Recurrence time T versus system size
N . For the free fermions (γ = ∞), T is proportional to N2
(green squares). For γ = 100, T is proportional to N2 (red
circles), although it is 100 times larger than that of the free
fermions.
FIG. 4: (Color online) Recurrence time T versus system size
N . For free bosons (γ = 0) , T is proportional to N2 (green
squares). For γ = 0.01 T is proportional to N (red filled
circles). Recurrence time becomes much longer than that of
free bosons at N = 12 as the system size N increases.
For finite values such as γ = 10 with N = 10, the
fidelity is always smaller than 0.9 and there is no periodic
FIG. 5: (Color online) Fidelity F (t) = |〈X(t)|X(0)〉|2 shows
no periodic patterns in time evolution. Interaction parameter
γ is given by γ = 10.0, and the particle number is given by
N = 10.
structure observed in the fidelity as a function of time,
as shown in Fig. 5. For these intermediate values of γ,
we do not evaluate the recurrence time.
B. Recurrence of the Density Distribution
We now show the recurrence of the density profile in a
quantum state and compare it with that of the fidelity.
Let us introduce the second quantized Hamiltonian of
the LL model [48].
H′LL =
∫ L
0
dx[∂xψˆ
†∂xψˆ + cψˆ
†ψˆ†ψˆψˆ], (23)
where ψˆ(x, t) is the canonical Bose field. We remark that
every Bethe eigenvector of the LL model corresponds to
an eigenstate of the Hamiltonian H′LL [48]. By applying
the conjugate field operators to the vacuum state with
coefficients being given by the wavefunction of the Bethe
eigenvector we obtain the corresponding eigenstate of the
Hamiltonian H′LL. We recall that in the LL model ev-
ery Bethe eigenvector of N particles is specified by a
corresponding set of the Bethe quantum numbers Ij for
j = 1, 2, . . . , N , and also that Ij ’s are given by integers if
N is odd and half-odd integers if N is even. Here we re-
mark that it is argued that the Bethe ansatz eigenvectors
are complete in the LL model if the coupling constant c
is positive [52].
For a given quantum state |Ψ〉 of N particles, we as-
sume that it is expressed in terms of the superposition of
the Bethe eigenstates |{Ij};N〉 as
|Ψ〉 =
∑
{Ij}∈S
c{Ij}|{Ij};N〉 . (24)
Here we denote by S the set of sets {Ij} of the Bethe
quantum numbers Ij ’s for the Bethe eigenstates. We
7evaluate the expectation value of the density operator
ρˆ(x, t) = ψˆ†(x, t)ψˆ(x, t) for the state |Ψ〉 at time t with
position x as
〈Ψ|ρˆ(x, t)|Ψ〉 =
∑
{Ij},{I
′
j}∈S
c∗
{I
′
j
}
c{Ij}
× ei(P−P
′
)x−i(E−E
′
)t〈{I ′j};N |ρˆ(0, 0)|{Ij};N〉,
(25)
where P and P ′ (E and E′) denote the total mo-
menta (the total energies) of |{Ij};N〉 and |{I ′j};N〉,
respectively. In eq. (25) we evaluate the form fac-
tor 〈{I ′j};N |ρˆ(0, 0)|{Ij};N〉 through the determinant of
Slavnov’s formula [50]. The explicit expression is given
in Appendix A.
We denote by ρ(x, t) the expectation value of the den-
sity operator at time t and position x given in eq. (25)
ρ(x, t) = 〈Ψ|ρˆ(x, t)|Ψ〉. (26)
We call the plot of ρ(x, t) against position x the density
distribution or the density profile at time t. We thus
derive the exact time evolution of the density profile, nu-
merically. Once we evaluate the form factors of the den-
sity operator at t = 0 and x = 0 we obtain the density
profile at any later time t only by taking the sum of the
exponentials in Eq. (25).
The snapshots of the density profile ρ(x, t) at three
different points of time: t=0, 250 and 538.3 are shown
in Fig. 6 for the state given by the sum over one-hole
excitations. The initial profile with a localized dip or
a density notch once collapses and then returns back to
almost the same profile at the point in time of recurrence,
i.e. at t = T for recurrence time T . Here we remark that
one can specify the point of time for recurrence quite
precisely, since the density profile changes rather quickly
within a short period of time around at the recurrence
time t = T .
C. Recurrence of the Local Density at the Origin
We now compare the time evolution of the local density
at x = 0, i.e. ρ(x = 0, t) with that of the fidelity F (t)
in the quantum state given by the sum over one-hole
excitations for N = 12. In Fig. 7 we observe that if
the local density at the origin returns to the initial value
the fidelity also returns to a value close to 1.0, while if
otherwise it does not, for the quantum state given by
the sum over one-hole excitations with N = 12. The
observation in Fig. 7 is remarkable. It is clear that if the
fidelity returns to 1 the density profile also returns to the
initial one. However, the inverse is not always true.
In experiments it is important to know how much in-
formation we can obtain about the fidelity if we measure
other physical quantities such as the local density at some
position. In fact, it seems that it is impossible to measure
FIG. 6: (Color online) Recurrence in density distribution
ρ(x, t) for the sum over one-hole excitations of N = 12 and
γ = 100.
directly the fidelity in experiments. It follows from the
observation of Fig. 7 that in some experiment realizing
the 1D Bose gas with the delta-function interactions, if
we observe that the local density at a position returns to
the initial value, it practically suggests the recurrence of
the whole system at the time when we measure the local
density.
D. Recurrence Time for Other Quantum States
We observe that recurrence occurs for various other
types of initial states such as the sum over two-hole exci-
tations, that of one-hole excitations with random weights
and that of two-hole excitations with random weights.
We also observe that periodic patterns appear in the fi-
8FIG. 7: (Color online) Recurrence of the local density at
the origin x = 0, ρ(x = 0, t), in the upper panel, and that of
the fidelity, F (t), in the lower panel, for the quantum state
given by the sum over one-hole excitations with N = 12 and
γ = 100.
delity as a function of time for many quantum states such
as the sum over two-hole excitations and the sum over
one-hole (or two-hole) excitations with random weights.
First, we observe that the numerical estimates of re-
currence time are given by almost the same values for the
two different initial states, the sum over one-hole excita-
tions (13) and the sum of two-hole excitations (16), see
Fig. 8 for γ = 0.01 and Fig. 9 for γ = 100, respectively.
In Fig. 8 (γ = 0.01) the plots of recurrence time T ver-
sus system size N overlap each other for the sum of one-
hole excitations and that of two-hole excitations. Thus,
as shown in Fig. 4 the recurrence time becomes 100 times
longer than that of free-fermions at some system size N .
If N is larger than the number, the recurrence time T for
the sum of two-hole excitations becomes approximately
proportional to system size N at least up to some large
values of N .
In Fig. 9 (γ = 100) the plots of recurrence time T ver-
sus system size N overlap each other for the sum of one-
hole excitations and that of two-hole excitations. Thus,
as shown in Fig. 3, the recurrence time T for the sum
of two-hole excitations is approximately proportional to
FIG. 8: (Color online) Recurrence time T versus system size
N . The initial state is constructed by the sum over one-hole
excitations (red circles) and the sum of two-hole excitations
(green lower triangles). For γ = 0.01, T is approximately
proportional to N for N ≥ 12.
FIG. 9: (Color online) Recurrence time T versus system size
N for γ = 100. Initial state is given by the sum over one-hole
excitations (red circles) and the sum of two-hole excitations
(green lower triangles). For both of them, T is approximately
proportional to N2.
the square of system size N , i.e. N2, at least up to some
value of N .
V. ESTIMATION OF RECURRENCE TIME IN
AN EXPERIMENTAL SYSTEM
Let us estimate the recurrence time in the ultra-cold
1D Bose gas of 87Rb. Here we consider the superposition
of one-hole excitations and make use of (4) in order to
derive the estimate of recurrence time in terms of the
9dimensionful unit.
We first consider the case of γ = 0.01. The recurrence
time τrec is given by τrec ≃ 4.6×108×L2 [s] up to N = 11
(see Fig. 8). For example, τrec ≃ 460 [s] for L = 10−3
[m] and τrec ≃ 46× 10−3 [s] for L = 10−5 [m]. When N
exceeds 12, the recurrence time increases very much (see
Fig. 8). For N = 12, the recurrence time τrec is given by
τrec ≃ 4× 103 [s] for L = 10−3 [m] and τrec ≃ 0.4 [s] for
L = 10−5 [m].
Next we consider the case of γ = 100. Let us first con-
sider oddN cases. When N = 3 or 5, τrec ≃ 4.6×108×L2
[s] that is, τrec ≃ 500 [s] for L = 10−3 [m] and τrec ≃
50× 10−3 [s] for L = 10−5 [m]. The recurrence time be-
comes large for N ≥ 7 (see Fig. 9): when N = 7, for in-
stance, τrec ≃ 5× 103 [s] for L = 10−3 [m] and τrec ≃ 0.5
[s] for L = 10−5 [m]. Then, let us consider the case of
even N . From Fig. 9, up to N = 10, τrec ≃ 2.3×108×L2
[s]: τrec ≃ 230 [s] for L = 10−3 [m] and τrec ≃ 23× 10−3
[s] for L = 10−5 [m]. We recall that when N ≥ 12, the es-
timate of recurrence time is approximately proportional
to N2 if it is expressed in terms of the dimensionless unit
t. When N = 12, τrec ≃ 1× 104 [s] for L = 10−3 [m] and
τrec ≃ 1 [s] for L = 10−5 [m].
Thus, for γ = 0.01 and 100, the estimate of recurrence
time is given by the order of ten milliseconds in some
cases of L = 10−5[m] and N is up to about 10.
Finally, we give the estimates of recurrence time in the
cases of γ = 10−3 and 103. For L = 10−3 [m] and N = 20
recurrence time T is given by T = 500 [s] at γ = 10−3
and by T = 2× 102 [s] at γ = 103. For L = 10−5 [m] and
N = 20, we have T = 50 × 10−3 [s] with γ = 10−3, and
by T = 20× 10−3 [s] at γ = 103.
We now suggest that it is an interesting but nontriv-
ial problem how to observe experimentally the relatively
short recurrence time in the Bose gas with the delta-
function interactions predicted in the paper. It is an
isolated quantum many-body system, and there should
be several aspects to be studied. For instance, in order
to observe recurrent phenomena experimentally it should
be necessary to keep the system being almost completely
isolated from the environment. However, we expect that
the characteristic time for coherence can be taken to be
long enough in experiments with respect to the recur-
rence time.
VI. CONCLUSION
We have shown that the fidelity returns to a value close
to 1.0 during time evolution in the quantum many-body
system of the 1D Bose gas with the delta-function in-
teractions for some initial states such as the sum over
one-hole excitations and that of two-hole excitations with
some finite nonzero values of the interaction parameter
γ such as γ = 0.01 and 100. We have obtained the
estimates of recurrence time for the initial states. We
have also shown that the density profile shows recurrence
for the state given by the sum over one-hole excitations.
Here we recall that it is very rare to observe a recurrent
phenomenon actually in the time evolution of an generic
isolated quantum many-body system.
In the free-bosonic and the free-fermionic regimes, we
derive the recurrence time rigorously for any given initial
state. It is proportional to N2 in terms of the dimension-
less time variable t of eq. (4), while it is proportional to
L2 in the original unit of time such as shown in eq. (20)
with the dimensionful time variable τ .
For the quantum state given by the sum over one-hole
excitations in the case of γ = 100 the recurrence time is
almost proportional to the square of the system size, N2,
while in the case of γ = 0.01, the recurrence time is al-
most proportional to the system size N . Here we employ
the dimensionless time variable t. At some intermediate
values of γ, such as γ = 10 for N = 10, there is no pe-
riodic structure observed in the fidelity as a function of
time as shown in Fig. 5.
Finally, the estimate of recurrence time in the 1D Bose
gas is given by the order of ten milliseconds in cold atoms
confined in one dimension of ten micrometers in length
in the original unit of time.
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Appendix A: Determinant Formula of the Form
Factors of the Density Operator
Let us consider the matrix elements of the density op-
erator ρˆ(0, 0) between the two Bethe eigenstates |{Ij};N〉
and |{I ′j ;N〉. We also call it the form factor between the
two eigenvectors [50].
We evaluate the form factor 〈{I ′j};N |ρˆ(0, 0)|{Ij};N〉
in eq. (25) through the determinant of Slavnov’s formula
[50]
〈{I ′j};N |ρˆ(0, 0)|{Ij};N〉 = iN(P − P ′)

 N∏
j,ℓ=1
kj − kℓ + ic
k′j − kℓ


× det
N−1
U(k, k′),
(A.1)
where the quasi-momenta {k1, · · · , kN} and {k′1, · · · , k′N}
give the eigenstates |{Ij};N〉 and |{I ′j ;N〉, respectively.
The matrix elements of the (N − 1) by (N − 1) matrix
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U(k, k′) for j, k = 1, 2, . . . , N − 1, are given by
U(k, k′)j,ℓ = 2δjℓIm
[
N∏
a=1
k′a − kj + ic
ka − kj + ic
]
+
∏N
a=1(k
′
a − kj)∏N
a 6=j(ka − kj)
× (K(kj − kℓ)−K(kN − kℓ)) , (A.2)
where K(k) = 2c/(k2 + c2).
Thus, the evaluation of the form factors of the Bethe
eigenstates with N particles are reduced to that of the
determinants (A.2) by making use of eq. ((A.1)).
[1] A. Hobson, Concepts in Statistical Mechanics, (Gordon
and Breach Science Publ., New York, 1971).
[2] A. Görlitz, J.M. Vogels, A.E. Leanhardt, C. Raman, T.L.
Gustavson, J.R. Abo-Shaeer, A.P. Chikkatur, S. Gupta,
S. Inouye, T. Rosenband and W. Ketterle, Phys. Rev.
Lett. 87, 130402 (2001).
[3] M. Greiner, I. Bloch, O. Mandel, T.W. Hänsch, and T.
Esslinger, Phys. Rev. Lett. 87, 160405 (2001).
[4] T. Kinoshita, T. Wenger and D.S. Weiss, Science 305,
1125 (2004); Phys. Rev. Lett. 95, 190406 (2005); Nature
440, 900 (2006).
[5] C. Becker, S. Stellmer, P. Soltan-Panahi, S. Dörscher, M.
Baumert, E.-M. Richter, J. Kronjäger, K. Bongs, and K.
Sengstock, Nature Phys. 4, 496 (2008).
[6] M. Gring, M. Kuhnert, T. Langen, T. Kitagawa, B.
Rauer, M. Schreitl, I. Mazets, D. Adu Smith, E. Demler,
J. Schmiedmayer, Science 337, 1318 (2012).
[7] M. Rigol, V. Dunjko, V. Yurovsky and M. Olshanii, Phys.
Rev. Lett 98, 050405 (2007); M. Rigol, V. Dunjko and
M. Olshanii, Nature 452, 854 (2008).
[8] R. Tumulka, Eur. Phys. J. H 35, 201 (2010) [J. von Neu-
mann, Z. Phys. 57, 30 (1929)]
[9] H. Tasaki, Phys. Rev. Lett. 80, 1373 (1998).
[10] S. Goldstein, J.L. Lebowitz, R. Tumulka, and N. Zanghi,
Phys. Rev. Lett. 96, 050403 (2006)
[11] P. Reimann, Phys. Rev. Lett. 101, 190403 (2008).
[12] A. Sugita, Nonlinear Phenom. Complex Syst. 10, 192
(2007).
[13] M. Greiner, O. Mandel, T.W. Hänsch and I. Bloch, Na-
ture 419, 51 (2002); S. Will, T. Best, U. Schneider, L.
Hackermüller, D.-S. Lühmann and I. Bloch, Nature 465,
197 (2010).
[14] B. Paredes, A. Widera, V. Murg, O. Mandel, Simon
Fölling, I. Cirac, G.V. Shlyapnikov, T. W. Hänsch and I.
Bloch, Nature 429, 277 (2004).
[15] S. Trotzky, Y-A. Chen, A. Flesch, I.P. McCulloch, U.
Schollwöck, J. Eisert and I. Bloch, Nature Phys. 8, 325
(2012).
[16] A. Polkovnikov, K. Senguputa, A. Silva, and M. Ven-
galattore, Rev. Mod. Phys. 83, 863 (2011)
[17] V.I. Yukalov, Laser Phys. Lett. 8, 485 (2011).
[18] D. Iyer and N. Andrei, Phys. Rev. Lett. 109, 115304
(2012).
[19] J.-S. Caux and R.M. Konik, Phys. Rev. Lett. 109, 175301
(2012).
[20] T. N. Ikeda, Y. Watanabe, and M. Ueda, Phys. Rev. E
84, 021130 (2011).
[21] J. Sato, R. Kanamoto, E. Kaminishi, and T. Deguchi,
Phys. Rev. Lett. 108, 110401 (2012).
[22] T. Karpiuk, P. Deuar, P. Bienias, E. Witkowska, K.
Pawłowski, M. Gajda, K. Rzążewski and M. Brewczyk,
Phys. Rev. Lett. 109, 205302 (2012).
[23] E. Kaminishi, T. Mori, T. N. Ikeda, and M. Ueda,
arXiv:1410.5576
[24] E. Barouch, B.M. McCoy and M. Dresden, Phys. Rev. 2,
1075 (1970).
[25] D. Rossini, S. Suzuki, G. Mussardo, G.E. Santoro and A.
Silva, Phys. Rev. B 82, 144302 (2010).
[26] J. Mossel and J.-S. Caux, New J. Phys. 12, 055028
(2010).
[27] F. Iglói and H. Rieger, Phys. Rev. Lett. 106, 035701
(2011).
[28] A.C. Cassidy, C.W. Clark, and M. Rigol, Phys. Rev. Lett.
106, 140405 (2011).
[29] P. Calabrese, F.H.L. Essler and M. Fagotti, Phys. Rev.
Lett. 106, 227203 (2011); J. Stat. Mech. (2012) P07016;
J. Stat. Mech. (2012) P07022.
[30] P. Calabrese and J. Cardy, Phys. Rev. Lett. 96, 136801
(2006); J. Stat. Mech. (2007) P06008.
[31] S. Sotiriadis, P. Calabrese and J. Cardy, EPL 87, 2002
(2009).
[32] J. Cardy, Phys. Rev. Lett. 112, 220401 (2014).
[33] G. Rempe, H. Walther, and N. Klein, Phys. Rev. Lett.
58, 353 (1987).
[34] J. Gea-Banacloche, Phys. Rev. Lett. 65, 3385 (1990).
[35] D.S. Jin, J.R. Ensher, M.R. Matthews, C.E. Wieman and
E.A. Cornell, Phys. Rev. Lett. 77, 420 (1996).
[36] O. M. Maragó, S. A. Hopkins, J. Arlt, E. Hodby, G.
Hechenblaikner, and C.J. Foot, Phys. Rev. Lett. 84, 2056
(2000).
[37] S. Ono, Mem. Fac. Eng. Kyushu Univ. 11, 125 (1949).
[38] P. Bocchieri and A. Loinger, Phys. Rev. 107, 337 (1957).
[39] E.C. Percival, J. Math. Phys. 2, 235 (1961).
[40] T. Hogg and B.A. Huberman, Phys. Rev. Lett. 48, 711
(1982).
[41] A. Peres, Phys. Rev. Lett. 49, 1118 (1982).
[42] G. G. Emch, J. Math. Phys. (N. Y.) 7, 1198 (1966).
[43] C. Radin, J. Math. Phys. (N. Y.) 11, 2945 (1970).
[44] M. Kastner, Phys. Rev. Lett. 106, 130601 (2011).
[45] J. Sato, R. Kanamoto, E. Kaminishi, and T. Deguchi,
arXiv:1204.3960.
[46] H.T. Quan, Z. Song, X.F. Liu, P. Zanardi, and C.P. Sun,
Phys. Rev. Lett. 96, 140604 (2006).
[47] A. Imambekov, T.L. Schmidt and L. I. Glazman, Rev.
Mod. Phys. 84, 1253 (2012).
[48] V.E. Korepin, N.M. Bogoliubov and A.G. Izergin, Quan-
tum Inverse Scattering Method and Correlation Func-
tions (Cambridge University Press, Cambridge, 1993).
[49] E. H. Lieb and W. Liniger, Phys. Rev. 130, 1605 (1963);
E. H. Lieb, Phys. Rev. 130, 1616 (1963).
[50] N. A. Slavnov, Teor. Mat. Fiz. 79, 232 (1989) ; 82, 389
(1990); J.-S. Caux, P. Calabrese and N. A. Slavnov, J.
Stat. Mech. P01008 (2007).
[51] E. Kaminishi, R. Kanamoto, J. Sato, and T. Deguchi,
Phys. Rev. A. 83, 031601(R) (2011).
[52] T.C. Dorlas, Commun. Math. Phys. 154, 347 (1993).
